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Abstract 



Let Khe a commutative compact hypergroup and (K) the hypergroup 
algebra. We show that (K) is amenable if and only if TtK, the Plancherel 
weight on the dual space K, is bounded. Furthermore, we show that if K 
is an infinite discrete hypergroup and there exists a ^ K which vanishes at 
infinity, then L' (K) is not amenable. In particular, L' {K) fails to be even 
a-left amenable if nK{{a}) = 0. 

Introduction. Let Kbe a. commutative compact hypergroup, K its dual space, 
and L^{K) the hypergroup algebra. More recently in m, among other things, we 
showed that when K is a. hypergroup of conjugacy classes of a non-abelian com- 
pact connected Lie group (K), in contrast to the group case, is not amenable. The 
proof of this theorem, which is mainly based on the structure of underlying group, 
follows from the fact that the Plancherel weight on K tends to infinity and conse- 
quently the approximate diagonal for (K) is not bounded. In this paper, we show 
that the statement remains valid for general commutative compact hypergroups. 
More precisely, we show that L\K) is amenable if and only if the Plancherel 
weight on K is bounded. And, similar to the group case |[T4l . we also show that 
closed ideals of (K) possess approximate identities. In addition, we generalize 
our recent results on polynomial hypergroups [IJ to discrete hypergroups. If K is a 
(infinite) discrete hypergroup and a £ K which vanishes at infinity, then (K) is 
not amenable. Indeed, we show that if %-({«}) = 0, then L^{K) is not even a-left 
amenable, and {K) fails to be amenable when Ti/f ({a}) > 0. Observer that in the 
latter case L^{K) might be a-left amenable; see UJ. 

Preliminaries. Let denote a locally compact commutative hyper- 

group with Jewett's axioms where p : K x K M^{K), {x,y) >—>■ p{x,y), and 
^: K ^ K, xt—>^ X, specify the convolution and involution on K and p{x,y) = p{y,x) 
for every x,y G K. Here (K) stands for the set of all probability measures on K. 

Let Cc{K) be the space of all continuous functions on K with the uniform 
norm || • \\oo. The translation of / e Cc{K) at the point x £ K, Txf, is defined by 
Txf{y) = //f /(0'^/'(-^!>')(0' for every y £ K. Let (L^(A'), || • ||i) denote the usual 
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Banach *-algebra of integrable functions on K with respect to its Haar measure 
m, where the convolution and involution of f,g G J-^{K) are given by f *g{x) = 
j^f{y)Tyg{x)dm{y) (m-a.e.) and f*{x) = f{x) respectively. If K is discrete, then 
L^{K) has an identity element; otherwise L^{K) has a bounded approximate iden- 
tity, i.e. there exists a bounded net {e,}, of functions in {K), i < M, M > 0, 
such that 11/ * ei — /|| i — > as / ^ oo. The dual of L\K) can be identified with 
the usual Banach space L°°{K), and its structure space is homeomorphic to the 
character space of K, i.e. 

?C''{K) := |a G &{K) : a{e) = 1, p{x,y){a) = a{x)a{y), y x,y e ^} 

equipped with the compact-open topology. 3t^^{K) is a locally compact Hausdorff 
space. Let K denote the set of all hermitian characters a in ^^{K), i.e. a{x) = 
a{x) for every x ^ K, with a Plancherel measure tik- Observe that K in general 
may not have the dual hypergroup structure and a proper inclusion in supp(7r^) C 
K C 3t^^{K) is possible. If K is compact, then the dual space is unique and it is 
dense in C(^:) (see SH). 

The Fourier-Stieltjes transform of /i e M{K), Ji £ C'^{K), is given by /1(a) := 
j^a{x)d}JL{x). Its restriction to L}-{K) is called the Fourier transform. We have 
/ G Cq{K), for f £ (K), and the map a I{a) := keT{(pa) is a bijection of K 
onto the space of all maximal ideals of (K), where keT{(pa) denotes the kernel of 
the homomorphism (Pa{f) = /(ot) on (K); see 0. 

Let X be a Banach (^)-bimodule and a £ K. In a canonical way the dual 
space X* is a Banach (A')-bimodule. The module X is called a a-left L^{K)- 
module if the left module multiplication is given hy f -x = f{a)x, for every / G 
L^{K) and x £X. In this case, X* turns out to be a a-right L'(A')-bimodule, 
i.e. (p ■ f = f{a)(p, for every / G L\K) and <p G X*. A continuous linear map 
D : (K) X* is called a derivation if D{f *g)= D{f) -g + f- D{g), for every 
f,g £ (K), and an inner derivation if Z)(/) = f ■ cp — (p- f,foi some (p gX*. The 
algebra {K) is called a-left amenable if for every a-left (A')-module X, every 
continuous derivation D : L^{K) — > X* is inner; and, if the latter holds for every 
Banach (A')-bimodule X, then (K) is called amenable. 

Let K' = KxK denote the hypergroup of cartesian product of K with itself. It is 
straightforward to show that {K') = L} (K) 0^ (K) {(g)p denotes the projective 
tensor product) and with the actions f • {g^h) = {f * g) 0h and {g^h) ■ f = 
g {h* f) the Banach algebra L^{K') becomes a L'(^r)-bimodule. We observe 
that the map : jr^(^) x ^^{K) ,3^^{K') defined by (a, j3) ^ a ® j3 is a 
homeomorphism (see |51). As shown in [9], L}{K) is amenable if it admits a 
bounded approximate diagonal, i.e. a bouned net {M,},- C L^{K) (E)pL^{K) which 
satisfies 

n{Mi) -fj- n{Mi) f ^nd f -Mi-Mf f ^ f 

for any / G L^{K), where K : L^{K) (g)pL'(^) L\K) is the convolution map. 
The amenability of L^{K) is also equivalent to the existence of a virtual diagonal. 
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i.e. an element M G {L^{K) ^pL\K))** such that 

f-M = M-f fn**{M) = n**{M)f = f 

for any / G (K), where the module actions of (K) on (L^ (K) ®pL^ (K))** and 
(K)** are the second adjoints of the module actions of (K) on (K) ®pL} (K) 
and (^), respectively, and ;r** is the second adjoint of n. We also define tti , TTa : 
L\K) ^ Li(^') by 7ri(/)(x,3;) = f{x)de{y) and ttjI/) = f{y)Se{x), respectively, 
when K is discrete. One can easily verify that the tt, maps are isometric and 
Mf*8) = Mf) * ^iis) for every f,g G L^{K). 

As already mentioned, in this paper we deal with the amenability problem 
of compact and discrete hypergroup algebras. The results are organized as fol- 
lows. We first show that a compact hypergroup algebra {K) is amenable if and 
only if the Plancherel weight tik on K is bounded (Theorem ll.il ). Moreover, we 
show that every closed ideal of (K) has an approximate identity (Theorem 1 1.7 1) . 
We then discuss amenability of non-compact discrete hypergroup algebras. Let 
A' be a discrete hypergroup and a £ K. If a vanishes at infinity, then {K) is 
not amenable; in the case of 71k{{cc}) = 0, particularly, the algebra L^{K) is not 
even a-left amenable (Theorem 12.11 ). Using our theorems, we finally examine the 
amenability of hypergroup algebras of various compact and discrete hypergroups. 

I would like to thank Dr. Nico Spronk for his comment on the early draft of 
this paper. 

1 Amenability of Compact Hypergroup Algebras 

As it is already shown in [2], if is a hypergroup of conjugacy classes of a compact 
connected Lie group, then [K) is amenable if and only if the dimension of irre- 
ducible unitary representations of the group is bounded. In the following theorem 
we show that the statement remains valid in general. 

Theorem 1.1. Let K be a. compact hypergroup. Then (K) is amenable if and 
only if the Plancherel weights on K is bounded, i.e., there exists a c > such that 
7iK{{a}) < c for all a £ K. 

Before proceeding to the proof of this theorem, let us first discuss the exis- 
tence of and pertinent topics to the approximate diagonals for compact hypergroup 
algebras. 

We observe that since the convolution map {x,y) —>■ p{x,y), K' —^M^{K), is 
continuous (M^ (K) is considered with the weak* topology), a hypergroup algebra 
L^{K) is weak* dense in M{K), and the convolution map n : L^{K') — > L^{K) has 
a weak* extension ft : M{K') —>■ M{K) which is defined by 

I f{x)d7i{n){x)= I TJ{y)dn{x,y) feC{K). 
Jk Jk' 
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Obviously we have ^(/i (E)v)=/i*v, /X,VG M{K), and if for a / G C{K) we let 
^(x,3;) = 7;/(3;), then ^GC(/:') and 

^(At*v)(/)= / TJ{y)dpi*v{x,y) 
Jk' 

= J^J^T(^^,,x2)giyuy2)dlJ^ixi,X2)dv{yi,y2) 
Ty^{TxJ'xJ){y2)dv{yuy2)d^{xi,X2) 



K' JK' 

= n{^)*n{v){f). (1) 
Hence jr is a homomorphism. 

Lemma 1.2. Let be a bounded approximate identity for L^(A'), where e„ = 
Lm=o^m^m ^^^^ t^^^t a", = except for finitely many m. Then 

^ R^' 

(ii) M„ = Lm=o (^m)^ ^ is an approximate diagonal for L} (K). 



Proof. Let {U,',} be a family of neighborhoods of the identity element e. Then the 
sequence {e,,} = {—ijjrxZu'} is a bounded approximate identity for L^{K). Since 

the linear span of K is dense in L\K), we may choose e„ = Lm=o'^m^m> where 
a", = except for finitely many m. Therefore, 



||a,-||i |1 -^,(a,-)l = ||a,--e;(a,-)||i = ||a,--e„*a,-||i ^0 (?i^oo), 

which implies that ||o;, || i 1 1 — a"||o:;||2| — > 0, consequently a" — > as « ^ oo. 

We now show that M„ = Lm=o i^m)'^ •X' oCm is an approximate diagonal for 
LHK). Since 



m=0 m=0 

which is also a bounded approximate identity for (/T) and 

OO CO 

cCk-Mn= i.'^mf ak*am(^am= Y Skim) [a'lf ® am 

m— m— 

OO 

= L ^'^mf ot,n®a,n*ak=M„- ak, 

m=0 

{Mn} is an approximate diagonal for (K). Therefore, if {M^},, is bounded, then 
Li(^) is amenable 191. □ 

We now use the idea in the proof of lEl Theorem 1.6] to establish the following 
lemma in its analogy. 
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Lemma 1.3. Let K he a compact hypergroup and {M„} as in Lemma [L2l Then 
the following statements are equivalent: 

(i) (K) is amenable. 

(ii) {M„}„ is bounded. 

(iii) There exists a measure jx £ M{K') such that Ji{a,[5) = SaiP), ^(jU) = 5e, 
and (/(g) 5e) *jU = /I * (4 for any / G L\K). 

Proof. (/) (a). In this case L^{K) admits a bounded approximate diagonal, say 

{M[}. Let us assume that M is the virtual diagonal and M( ^ M in L}{K')**. 
Suppose {e,,} to be as above and F„ := {a„,;<3jj, ^ 0}. Then F„ (g)F„ is a fi- 
nite dimensional ideal in (/T) (/T) which contains e„ e„. Then {e„ ^ 
Cn is a bounded net in A„ (g)A„, A„ = {F„), with a limit point A/^,,. Write 

= llai,ajeF,c'ijCCi ccj. For every S F„, since ■ = am ■ for every ^, 
we have «,„ • Nn = Nn • cCm- Therefore 

£ cf_,.5,-(m)||a;||^ai®ay= £ c1j5j{m)\\aj\\lai®aj 

aj,ajeF„ aj,ajeF„ 

which implies L;C",y||«m|l20^m ® Oly = Li Cimlloimllloi! ^ 01^. Hcncc, from the or- 
thogonality of characters it follows that c'^j = if m ^ j, so N,, = Lc^' o;,- (g a,-. We 
have 

7r(A'„) = TL{en®en) * lim7r(Mi) = 7r(e„ = e„ 
and in particular 

£4||a;||ia; = ^(a2)2||a,.||2a;, 
/ (' 

which yields c-^ = (a")^ for each /. Hence M„ = A'^„ and boundedness of {||M„||i} 
follows from ||M„||i = IjA'nlli < ||f'„||i sup ||Mjt||i < oo. 

{a) {Hi). Since the algebra L^{K') can be canonically embedded in M{K'), 
it follows from Banach-Alaoglu's theorem that {M„}„ has a weak* hmit point M e 
M{K'). We have 

/i(am,am') = 05m <^0Cm') = lini / (a^") c>Ci{x)ai(y)am{x)am' {y)dm{x)dm{y) 

= limf (an' ^|a,(^)l'^'«w) ^ l«K3')l'^'^(3')) 5,-(m)5,-(m') = 5,„(m'). 

In that M(F) C C*(^')' we now define the map D :C''{KxK) ^ C''{K) by 
Dpi{a) = 'jl{a,a). Obviously for any v G M(/^') we have f (v)(a) = Dv(a) 
and, in particular, 

7t{jj.) (a) = Djl{a) = I = de{a) {e£K) 



5 



It follows from the inverse of the Fourier transform lH that 7r(/i) = 5e. We see, in 
addition, that if / G (K) and aeK,{f(g) 4) (a, j8) = /(a) and (4 ® /)'(«, jS) = 
/(j8). Therefore {f 5e) * pi = pi* {5e(^f). 

(Hi) —>■ (/). Let be a bounded approximate identity in {K') and assume 
M to be a weak* -limit point of {p*e[^}„ in L^{K'). We shall show that M is a 
virtual diagonal. For any f ^ (K) we have 

f ■ M = lim{f 5e) * p * e'„ = limp *{5e0f)*e'„ = limp * e'^ *{de®f)=M-f. 

n n n 

And, if £■ is a weak* -limit point of {7r(e^)}, from Tt{p) = 5e and ([T]l it follows that 
n**{M) =lim7r(;U*e^) = lim^(;U) * 7r(4) =lim7r(e^) = E. 

n n n 

We obviously see that /•£' = £'•/ = / for any f £ (K). Therefore M is a virtual 
diagonal. □ 

We now prove Theorem II. II as follows: 

Proof of Theorem ll.il First assume that (A') is amenable and in contrary there 
exists a sequence {oc,},eN C K such that Ti/f ({a,}) ^ oo as / ^ oo. Obviously 
nxiiai}) > and the functional Fa^ : K ^ C defined by F«,(j3) = da,{li) be- 
long to {K) r\L^{K). It is worth noting that by the inverse of Fourier transform 
we have 

Fa.{x) = fFa,{P)P{x)dnK{P) = ai{x)7iK{{ai}), 



and from Plancherel's theorem (see 01) we deduce that 7r({a,}) = jr-^ > 0- By 
previous theorem there exists a /i G M{K') such that 

1 = lim/I (oc;, a,) = lim / ai{x)ai{y)dp{x,y) = / limai{x)ai{y)dp{x,y) =0, 

which is a contraction. 

To prove the converse of the theorem, let sup^g^%:({a}) < c for some c > 
0. Since {M,,} is an approximate diagonal for L^{K') (Lemma ll. 21 ). by previous 
lemma it suffices to show that {M„} is bounded. For any G C{K) we have 



limM„(/( 



lim / y{a'lfai®ai{x,y)f{x)g{y)dm{x)dm{y) 



(2) 



< £7r^({a,-})2|(/,a,-)||(f,a,-)| <c2£|(/,a,-)|(f,a,-)| (Lemmd]) 



i=0 1=0 
!=0 i=0 



The latter inequality follows from Plancherel and Cauchy-Schwartz's theorems. 
Therefore {K) is amenable. □ 
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Following we say (K) is weakly amenable if every continuous derivation 
of (K) into L°°{K) is zero. In contrast to the amenability of {K) we show that 
(K) is always weakly amenable when K is compact. 

Proposition 1.4. Let Khea. compact hypergroup. Then {K) is weakly amenable. 

Proof. LetD:L^{K) ^U°{K) be a continuous derivation. Due to a*a = ||a||2o;, 
for every a £ K, we have D{a) = (2/||a||2) a ■D{a). Here " • " stands for an 
arbitrary module action of (K) to L°°{K). Hence 

a D(a) = (2/||a||2) [a- (a-D(a))] 
= (2/||a||i) [(a*a)-D(a)] 
= 2a •£)(«) 

which implies that D{a) = 0. Since the linear span of K is dense in L^{K), we 
obtain D = 0, as desired. □ 

As already mentioned since L^{K), a compact hypergroup algebra, is a-left 
amenable in every a £ K, the maximal ideals of L^{K) possess bounded approx- 
imate identities; see [ ll 1.2]. In the sequel, similar to the compact group case in 
|[T4l . we show that closed ideals in L}{K) contain approximate identities. 

Lemma 1.5. Let 7 be a closed ideal of {K) and !„ '■= fl K^)- Then 

(i) la — Ca, for every a £ K, 

(ii) la Q J if and only if /(a) 7^ 0, for some f £ J, and 

(iii) the map a is bijective from K onto the set of all minimal ideals of 

Proof, (i) Let asK. Obviously /„ n/(a) = {0} and a £ (L^(/^) \/(a)). Let 
/ be a non-zero element in /«. Then A = /(a) 7^ and A • oc(j8) = (A ||o;||2) 5a(j3) 
which implies that / = ■ a. Hence ~ Ca, as desired. 

(ii) Suppose f e J with /(a) / 0. Since f * a £ Iar]J, f * a = f{a)a / 0, 
and la — Ca, we have la'^la^ J\ thus la ^ /. 

(iii) Since J / {0}, there exist / € / and a£K such that /(a) 7^ 0. By (ii) we 
have la ^ /, consequently 7 = as 7 is a minimal ideal. □ 

Corollary 1.6. The proper closed ideals of {K) are exact the family {Ip : P C K}, 
where Ip denotes the closure of the linear span of P in L^{K). Different closed 
subsets of K generate in this way different closed ideals. 

Theorem 1.7. Let ^ be a compact hypergroup. Then every closed ideal of (K) 
has an approximate identity. 
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Proof. Let / be a closed ideal in L^{K) and a bounded approximate identity 
for {K), as in Lemma [L2l By Corollary 1 1 . 61 there exists a subset P oi K such that 
J = Ip. Define 

r 1 ifaeP, 

fp{a) := 

[ ifa^P. 

Obviously fp-L^{K) C L^{K) and ^, -/p belongs to L^{K). Since the Plancherel 
transform is an isometry of L^{K) onto L?{K) , there exists {h,,} of functions in 
L^{K) such that hn = en- fp- Cleaiiy h„ £ J = Ip and for each g G /p we have 

hn *g = hn -g 

= en-fp-g 
= e„-g, 

which implies that hn* g = e„ *g. Since is a bounded approximate identity 
for {K), so {hn} is an approximate identity for J = Ip. □ 



2 Amenability of Discrete Hypergroup Algebras 

In HI Theorem 2.1] we showed that if a character a of a polynomial hypergroup 
vanishes at infinity, then the hypergroup algebra can not be a-amenable. In the 
following theorem we generalize this fact to discrete hypergroups. 

Theorem 2.1. Let A' be a discrete hypergroup and a ^ K. If a G Cq{K), then 
L^{K) is not amenable. In particular if 71k{{cc}) = 0, then L^{K) is not a-left 
amenable. 

Proof. Let us first assume a G Cq{K) with 71k{{(x}) = and in contrary L^{K) 
is a-left amenable. Then by H] Theorem 1.2] I (a) has a bounded approximate 
identity, say {ej}i^j with < M for some M > 0. Let ma be the w*-limit 
of {ci} in L^{K)**. By llT3l Lemma 2], {e'l} converges uniformly to the identity 
character in K and ma{a) = 0. Since tik is a regular measure on K, there exists an 

2 

open neighbourhood Ua of a with TiK{Ua) < for given e > 0. There exists a 
io G 7 such that |?i(j8) — 1 1 < for all j8 G f/a'^ and / > /q. Since 

|?;-(i8) - < |?;-(j8)p + 2|?;-(i3)| + 1 < \\ei\\] + 2\\ei\U + 1 < M^ + 2M+ 1 < 
for all p £ K,we have 

l|^/7r^(i8) 

- l\dnK{p) + / |?;(i8) - lldMP) < e\ 



i?;-(i8)- 
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Due to the Plancherel theorem we have — S,, || — > when / — > oo. Hence for every 

feC,{K) 



f{x)ei{x)dm{x)— / f{x)8e{x)dm[x) 

K JK 



[a - de){x)f{x)dm{x) 
< lk/-4||2||/||2^0 (as/^oo). 



K 



The latter inequaUty shows that ma{f) = f{e) for all / G Co (A"). In particu- 
lar ma{(x) = a{e) = 1 which is a contradiction. Therefore L^{K) is not a-left 
amenable. 

Now we assume Ti/f ({a}) > 0. In this case (K) can be a-left amenable lUl, 
however we show that (K) is not amenable. Let K' := K x K as above and Y := 
{Co{K'), II • ||„). For / E L\K) and geY define /-^ := Kif*g and g-/ := 712/*^. 
It is easy to see that F is a Banach L^(i^)-bimodule with respect to the above 
module multiplications. Since a G Co{K), a ® 1 G Co{K') and the maximal ideal 
generated by this character in M{K') can be regarded as a dual L^(A')-bimodule. 
To see this, let X := {(p £ Cq{K')* : (p{a ®l) = 0}, and let (p ^ jx^, denote the 
Riesz's duahty {Cq{K')* = M{K')). We note that since K' is discrete, the algebra 
L}{K') can be identified with M{K') via the map / fm. So, the space X is an 
L} (/Tj-submodule of Co{K')* , since for any 9 G X and / G (K) we have 

f-^{a®l) = n2f*iJ.(p{a(g)l) =/(l)/I^(a(g) 1) =0, 

and likewise 

(p- f{a(g)l) = 7iif*n<p{a^l) =f{a)]j^{a0\) =0. 

Since X is a (weak-*) closed subset of Co{K')*, by ||3l Proposition 1.3] X is a 
dual module with respect to the module multiplications. We can now define the 
continuous linear operator D : (K) ^ X by D{f) := n\f — 712/, where for every 

D{f*g) = ni{f*g)-K2{f*g) 
= 7Zif*nig-H2f*n2g 

= i^lf-^2f)*7llg + 7l2f*{Kig-K2g) 
= D{f)*7lig + 7l2f*D{g) 

= D{f)-g + f-D{g). 

Therefore D is a derivation. By assumption there exists a (p G X such that D{f) = 
/ • (jO — (p • / for all / G (K). Since K separates the points of K there exists 
/ G (K) such /(a) / /(I), however 

/(a) - 7(1) = 7ri/(a 1) - 7r2/(a ® 1) 

= D/(a® 1) = f ■(p{a0l)-(p- /(a (8)1) 

= (/(l)-/(a))/i;(a®l) = 
which is a contradiction. Therefore (K) is not amenable. □ 
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3 Examples 

(i) Hypergroups associated to the center of group algebras 

Let G be a non-abelian compact connected Lie group and K the hypergroup 
of conjugacy classes of G. The center of L} [G) is isometrically isomorphic 
to L^{K); see lITOl . There exists a sequence consisting of irreducible unitary 
representations of G such that their dimensions tend to infinity. Therefore, 
by Theorem ll.il {K) is not amenable (see also Theorem. 1.7]). 

(ii) Compact -hypergroups 

These hypergroups are due to Dunkl and Ramirez O. Let < a < ^ and 
Ha = No U {oo} denote the one point compactification of No = NU {0}. Let 
5oo be the identity element of Ha, n = n for all n ^ Ha, and define 5„ * 5,n = 
^min(n,m)form/?iGNand 

{0, l<n; 
a*^, I = n + k> n. 
The Plancherel measure of Ha is given by 



Since n{k) — > oo as ^ oo, by Theorem \\A\ L'^{H„) is not amenable. Also 
note that from we have nJ) \ {1} C L} nL2(No), so by Theorem O 
L^(No) is not amenable but a-left amenable in every a G Nq (see ifTlfTTI). 



(iii) Dual of Jacobi polynomial hypergroups 

Let K be Jacobi polynomial hypergroup 
where a>j3>— l,a + j8 + l>0;see||4l. The Haar weights are given by 



Let K be Jacobi polynomial hypergroup {Pn"''^\x)}nenf) of order {(X,p), 



''(') = ^' ''^") = («+^ + iM^ + i)„ ' 

where (a)„ is the Pochhammer-Symbol. The character space of No can be 
identified with [—1,1] and has the dual hypergroup structure with the Haar 
measure 

dTi{x)=C(a,p){'^-xY[\+xfx[-i,\]{x)dx (c(«,/5) >0) 
where % denotes the characteristic function. 



Proposition 3.1. Let K denote the compact hypergroup [—1,1]. Then the 

'2- 



algebra (K) is amenable if and only if a = j8 — ^ 
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Proof. Let a = ^ = —\. Then the hypergroup [—1,1] is the dual of Cheby- 
chev polynomial hypergroup with the Plancherel weights h{0) = \, h{n) = ^, 
n > 1. So by Theorem 1 1 . 1 1 L ^ (^) is amenable; see also [2, Theorem.1.3]. In 
the case of a,j8 > — the Plancherel weights h{n) in (O tend to infinity 
when n — > oo; consequently, by Theorem ll.li {K) is not amenable. □ 
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